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Abstract

The possibilities of a visualization of numerical data in a free computer
algebra system GeoGebra are studied. The tools for making interpola-
tion and approximation curves of given discrete points are presented.
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Modelling of curves

The aim of the paper is not to give a full exposition devoted to modelling curves
in computer graphics but we only present a brief survey of a general theory
(Alexandr 1999; Farin 2001; Ježek 2006; Sochor et al. 1996) and describe
the procedure of making tools for visualization of numerical data in GeoGebra
(GeoGebra; GeoGebraWiki).

The curves used most commonly in computer graphics are the polynomial
curves, above all cubics. Cubics are the polynomial curves of the 3rd degree.
They have many advantages, cover a sufficient variety of shapes, are easily
manipulated, and their calculation is easy, etc. We often meet the curves that
are piecewise polynomial; among them we include the spline curves. A spline
curve is composed of polynomials of the kth degree. For the spline curve it is
true that there is guaranteed continuity up to the derivative of the order k− 1
at the connecting points of single segments. B-spline (basis spline) curve of
degree k can be expressed by the following linear combination

P (t) =

n∑
i=0

PiN
k
i (t),

where Pi are the position vectors of the control points and Nk
i (t) are the nor-

malized basic functions of the degree k (polynomials).
Methods that allow the user to simply specify curve or area with a pre-

dictable shape have been searched. The user usually has the task to enter only
a few control points and to create a curve with given properties.
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Let’s say we have a finite number of control points (control polygon). We
want to construct a curve that is as simple as possible and as accurately as
possible replaces the control points. We distinguish between two basic ap-
proaches. In the first approach, we demand to the curve passes through the
control points; we are talking about an interpolation. In the second approach,
the curve may not pass through the control points, it only approaches to them
in some sense; we are talking about an approximation. Both approaches have
their advantages and disadvantages; it depends on the specific situation which
approach can be used. Except of the control points it is possible to add a
requirement on derivatives (continuity up to the order k) or so-called weight
(measured data with smaller deviations have a more considerable weight) at
these points.

In some situation we need to simplify a complex function. In such a case
we take a few control points lying on the graph of the function and treat them
as control points for interpolation or approximation curve.
The often requested properties of curves include:

• invariation with respect to the affine transformation or projection,

• convex hull property – curve lies in a convex hull of control points

• local property – changing the position of a single control point takes affect
only on a part of the curve,

• curve may pass through the border points.

Let us focus on the interpolation curves in more detail. The common property
of all interpolation curves is that the curves pass through the points of a control
polygon. We distinguish between the following types of interpolation:

• Lagrange polynomial – take a function with n + 1 control points; La-
grange polynomial is the only polynomial of degree no more than n pass-
ing through all control points.

• Newton polynomial – a modification of Lagrange polynomial, it moder-
ates some disadvantages of Lagrange polynomial.

• Hermite polynomial – the function values and the values of the derivatives
up to the order k are specified at the control points.

An interpolation spline is composed from several smaller interpolation poly-
nomials. The degree of the polynomials is not too high. But new problems arise,
e.g. how to connect each single segment, interpolation polynomial so that the
resulting interpolation spline was, let’s say, optimal (continuously connected
segments, same derivatives at the control points, etc.). E.g. the linear interpo-
lation spline joins neighbouring control points by the lines.

E. Cattmull and R. Rom in one of their articles have shown that in the
mathematical description of B-spline curves one can replace the control points
by a parametric function of t, and this particular function has the same inter-
polation properties as the control points. This class of B-spline curves is called
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Cattmull-Rom splines. These splines are used to define the distance between
objects in computer animation (Alexandr 1999).

The Cattmull-Rom spline curve is composed of several parts (segments);
each of these parts is represented by four control points of the leading polygon.
Let’s have four points P0, P1, P2, P3. The vector equation for the parametric
expression of the curve has the form

Q(t) =
1

2
(t3, t2, t, 1)


−1 3 −3 1
2 −5 4 −1
−1 0 1 0
0 2 0 0
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This curve starts at P1 and ends at P2. Tangent vector at P1 is parallel with
the vector P0−P2, tangent vector at P2 is parallel with the vector P1−P3. For
a given set of control points P0, P1, . . . , Pn we construct Cattmull-Rom spline
for every consecutive quadruple of control points. If we require to the curve
starts at P0 and ends at Pn, we will have to add the initial and the final control
point to the given set of control points, i.e. P0, P0, P1, . . . , P(n−1), Pn, Pn. The
disadvantage of such curves is that the resulting spline generally does not lie
in the convex hull of its control points.

Figure 1: Cattmull-Rom spline

Source: own

Approximation curves (approximation – curve fitting) are another important
class of curves. The approximation curve may not pass through the control
points. We most often use polynomial functions for an approximation. The
degree of a polynomial generally raises with increasing number of control points
thus the calculations needed for finding approximations of curve become more
time-consuming. Using splines is quite common for the creation of an ap-
proximation curve. The leading polygon is divided into several smoothly (or
continuously up to the order k) connected smaller curves of a lower degree.

Most commonly, we use cubic splines in which the approximation curve is
composed from cubic polynomials (polynomials of the 3rd degree). Each cubic
polynomial is controlled by a quadruple of four consecutive leading points. The
concrete examples are Bezier cubics or Coons cubics. The further examples are
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Ferguson cubics or Hermite cubics, both of them are controlled by a pair of
two leading points and by two tangent vectors at them.

The Coons cubics have been used quite often for generating B-spline curves.
Any of these cubics doesn’t start or doesn’t end at the leading points. It starts
or ends in a so-called anticenter of a triangle intended of first or last three
leading points of a leading polygon with at least four vertices. The anticenter
of triangle P0P1P2 is a point located at P0 + (2/3)(P1 − P0) + (1/6)(P2 − P0)
(Alexandr 1999).

The advantage of this kind of approximation is that we can guarantee con-
tinuity up to the order 2 at the connecting points. If we change the position
of one of the leading points, the curve will change only locally. The curve lies
in its convex hull. Coons B-spline curves are used for example in the aviation
industry.

Figure 2: Coons spline

Source: own

GeoGebra

GeoGebra is a great free tool for learning and education of mathematics, statis-
tic and descriptive geometry. It can be used at every level of the school edu-
cation. GeoGebra provides us with interactive graphics, algebra and spread-
sheets. GeoGebra is developed by many people around the world. For software,
manuals, tips and tricks we refer to (GeoGebra; GeoGebraWiki).

Our aim is to discuss the possibilities of visualization of numerical data
in GeoGebra. If we have a set of given numerical data, will it be possible to
connect or represent these points by a smooth curve in GeoGebra? We create
two tools, one for interpolation and the second one for approximation curves
of discrete points.

Interpolation tool called CRSpline

We create a tool which interpolates set of four given discrete points by Cattmull-
Rom spline. We use the vector equation from the preceding section. We create
a button in GeoGebra which can be used for interpolation of an arbitrary
finite set of discrete points by Cattmull-Rom spline. This button is based on
CRSpline tool.
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Figure 3: CRSpline tool

Source: own

Figure 4: JavaScript code for button1

Source: own
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Table 1: Step by step construction of Cattmull-Rom spline in GeoGebra

Source: own

Finally, if you have a set of discrete points, make a list of these points called s
and apply the button CRSpline.

Figure 5: Example of Cattmull-Rom spline

Source: own
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Approximation tool called CoonsSpline

We use Coons cubic for the approximations of points. We continue analogously
as we did in the previous case but with one exception. We didn’t present a
vector equation for Coons spline at this paper; nevertheless we use a different
algorithm. At first, we created the tool which operates on four given points.
Then we created the button which for an arbitrary list of points constructs
Coons spline. We slightly modified the procedure of button for our purpose.
The resulting spline begins at the first point of the list and it ends at the last
point of the list.

Tab. 2: Step by step construction of Coons spline in GeoGebra

Source: own
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Figure 6: CoonsSpline tool

Source: own

Figure 7: JavaScript code for button1

Source: own
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Figure 8: Example of Coons spline

Source: own

Example

We demonstrate our tools on the following example: we will visualize the mo-
tion of a particle in the gravitational field with and without air resistance. The
first case is very simple and students can become familiar with such a mechan-
ical system during secondary school education. The second case, air resistance
takes effect on the moving particle, is quite complicated because appropriate
system of differential equations which models the motion can be solved only
numerically. For details we refer to (Morávková and Paláček 2011).

Figure 9: Comparison of the motion of a particle in the gravitational field
with and without air resistance

Source: own

The differential equations have been solved in an external programme (it can
be used any software with numerical solver like MAPLE, MATLAB or MAX-
IMA) and the concrete numerical solution has been imported (copy – paste)
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into GeoGebra spreadsheet. The list of points has been created using “Create
List of Points” tool and spline curves have been constructed. An accuracy of
the approximation depends on the density of the control points.

Conclusion

When we have studied mechanical systems described by differential equations
solvable only numerically, a question was raised there how to create the trajec-
tories of such systems. We wanted to take advantage of many useful possibilities
of the exports provided by GeoGebra, especially with respect to LaTeX and
post script graphics format. We had to solve how to construct the appropriate
trajectory in GeoGebra.
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Možnosti vizualizace numerických dat v GeoGe-
bře

Jsou studovány možnosti vizualizace a zpracování numerických dat v GeoGe-
bře s využitím interpolačních a aproximačních křivek. Prezentujeme nástroje
pro interpolaci, resp. aproximaci soustavy diskrétních bodů.
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